R301a Time Series

James Legrand!

Lent Term, 2023-2024

Contents

1 Time Series Models.

2 Unobserved Components. State Space Models. Kalman Filter.
3 Trends Cycles and Seasonality.

4 Nonlinear Models.

' A changelog and archive can be found at https://github.com/james-legrand/Metrics-Notes.

16
29

42


https://github.com/james-legrand/Metrics-Notes

1 Time Series Models

1.1 Basic Concepts

A model describes a stochastic process by which observations are generated. Each observation is
a random variable, thus a stochastic process may be defined as a collection of random variables
which are ordered in time.

To model in a meaningful way, we must assume some notion of stationarity, that properties of the
process remain fixed in time.

Definition 1.1.1: Weak stationarity

A process y; is weakly stationary when the following are satisfied for all t:
L E(y) =p
2. E[(y: — 1)*] = 7(0)

3. El(yt — ) (yt—r — )] = (1), 7=12,...

7

Thus the mean stays at a constant level (independent of t), as are the variances and autocovariances.

Definition 1.1.2: Strict stationarity )

A process y; is strictly stationary when the joint distribution of v, , ys,, ..., ¥, is the same
as the joint distribution of y¢, 4+, Ytotrs - - -, Yt,+- for all 7 and all £.

J

When a process is strictly stationary, the joint distribution of any finite number of observations is
invariant to shifts in time. When a process is strictly stationary, and its first two moments exist,
it must be weakly stationary. The converse is not true.

When a series is weakly stationary and the observations have multivariate normal distribution,
then it must be strictly stationary also. This is because the entire distribution of a normal is
described by its first two moments.

Example (White noise). The simplest example of a covariance (weakly) stationary process is
a sequence of uncorrelated random variables with constant mean and variance. This is known
as white noise.

Strict white noise are IID. Given the first two moments exist, this is also white noise.
Gaussian white noise is strict white noise, for the same reason as above.

Definition 1.1.3: Autocorrelation function

The autocovariances may be standardised by dividing by the variance of the process - yielding
the autocorrelation function (ACF)

7

The information in the ACF is typically displayed in a plot of p(7) against 7. For real series,
p(7) = p(—7), so it’s not necessary to extend the plot to negative lags.



Ergodicity

An ergodic sequence can be thought of as one for which, over an infinite time period, every
event occurs with probability 0 or 1. When a process is ergodic with finite second moment,
observations sufficiently far apart in time should be almost uncorrelated.

When the process is ergodic, the sample mean, variance and autocovariances give consistent
estimators of the mean, variance and autocovariances of the process.

For all models considered here, stationarity implies ergodicity (although this is not generally the
case).

1.2 Time series processes

Definition 1.2.1: MIA(1) Process

ye=p+ei+0ei_1, e ~WN(0,0?)

We now derive some properties.

E(y) = p+E(et) + 0E(e—1) = p
7(0) = E[(y: — 1)*] = E[(e1 + 0£1-1)%] = Ele7] + 20E[ese,1] + 0°E[e7_,] = 0°(1 4 6°)
v(1) = El(ye — ) (i1 — )] = El(er + 021 1) (11 + Oe12)] = Elfe;1,601] = 607

Higher autocovariances are zero. The mean , variance and covariances are therefore independent
of t; confirming that the process is stationary. Note that it is not necessary to specify the full
distribution of the disturbances e, or even to insist that they be serially independent rather than
merely uncorrelated.

The autocorrelation function is

() 1 T=

YT

A= = Fe =t
0 |7| > 1

No restrictions need to be placed on 6 for it to be stationary, although some ambiguity arises in
the ACF because p(1) can take the same value for |#| and 1/|6).

When 0 is positive, successive values ofy; are positively correlated and so the process is smoother
than the random series €;. When 6 is negative the series is more irregular than the random series.



Figure 1: ACF of MA(1) with § = 0.5

Definition 1.2.2: Lag operator

Ly = yi1
L™ = Yt—r

Definition 1.2.3: Forward operator

Fy =y
FT = Yt+r

L™ "ypr = F7

Definition 1.2.4: First difference operator

A=1-1L
Thus Ay =y — yi—1

Definition 1.2.5: AR(1) Process

w=p+o(yi—1 — 1) +er =0+ Y1 + &

By weak stationarity when ¢ < 1 we can say Ely;] = E[y;—1]. Thus

Eyr = p+ ¢Byr — pp+ Eep = (1 = ¢)Eyr = (1 — ) = Eyp =



Further we can say that Varly;] = Var[y—1]. Thus

0.2

Var(y) = ¢*Var(y) + Var(ey) = Var(y,) = =

YtYt—r = MWYt—r + OYt—1Yt—7 — OUYt—7 + EtYt—r
Elyeyi—r] = uB[ys—7] + oElys—1ys—7] — ouE[ys—r] + Eletys -]
Elyeyi—] — 1* = ¢(Ely—1y—+] — 1)
(1) =¢y(T—1)

We can solve this first order difference equation to find:

V(1) =¢y(r—1)

= ¢*y(1 - 2)
=¢"7(0)
= p(r) =9¢"

Since |¢| < 1, the autocorrelation function is a decreasing exponential function of 7.
1.0
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Figure: ACF of AR(1) with ¢ = 0.9



Definition 1.2.6: Linear process

A time series is a linear process when it can be expressed as

o
Yt = Z Yigt—j
=0

where ¢; is serially uncorrelated, with mean zero and variance o2, and Z]"-io 9| < oo. Such
a sequence is said to be absolutely convergent.

A linear process is stationary and its properties may be expressed in terms of the autocovariance
function. These properties can be approximated, to any desired level of accuracy, by using an
autoregressive-moving average model of order (p,q).

Definition 1.2.7: ARMA Process

Y=y 1+ -+ oy p+ 01601+ + 05 g+ &
Also written as y, ~ ARM A(p, q).

An ARMA((p,q) can be written more concisely by defining polynomials in the lag operator:
o(L)=1=-¢L—---—¢pLPO(L) =14+ 60, L+---+6,L7
Which allows us to express the ARMA as:

P(L)ye = O(L)ey

Example (ARMA(1,1)). y¢ = ¢yp—1 + ¢ + 011
We can write this as (1 — ¢L)y; = (1 4+ 6L)e; and divide both sides by 1 — ¢L to get

N &t +95t—1
Ay 1=oL

(¢L) 5t+‘92 (PL) et

7=0
Eft ]+92 Et —j—1
=g+ Z((¢)j +0(¢Y et
j=1

=+ (6+60)) (o)
j=1

tnqg

<.
I
o

tnqg

<.
I
o

Thus we have stationarity if |¢| < 1, the weights decline sufficiently rapidly for the process
to have finite variance and for the autocovariances to exist.
To derive the autocovariance function, we multiply both sides by y:_, and take expectations:

YtYt—1 = OYt—1Yt—r + EtYt—r + 04— 1Yt
Elytyt—r| = OE[yt—1yt—r] + Elerys—r] + OE[er—1y:—1]
(1) = ¢v(17 — 1) + Elesys—r] + OE[et_1ys—+]

The last two terms are zero for 7 > 1. For 7 = 1 the first remains zero, but the second




becomes

Elet—1yt-1] = Elet—1(dys—2 + 11 + Oet_2)] = oE[et_1—2] + 0 = o2

When 7 = 0, both expectations are non-zero, and given by E[e;y;] = 02 and
Eler—19) = Eler—1(dye—1 + €t + 02¢-1)] = E[er—191—1] + 6E[e7_,] = ¢o> + 60°
Thus we have the autocovariance function:
7(0) = ¢y(1) + o2 + 8¢o? + 6%0>

(1) = ¢7(0) + 60
Yr)=¢y(r—-1) 7>1

Solving the the first two equations gives:

1+ 6%+ 200
W)=~
(1+60)(6+6)

1— ¢

(1) =
Which gives us the ACF:

~ (T+¢0)(9+0)
P =S o

p(r) = dp(r—1) 7> 1

The autocorrelations display negative decay for 7 > 1, with oscillations when ¢ is negative
(as in AR(1)). However p(1) depends on both ¢ and 6, with its sign determined by the sign
of phi + 6.

1.3 Prediction

Given a set of observations for y;, t = 1,...,T, the expected value of y,., conditional on the
information at time t =T is

Ur+or = Elyr4eYT] = Er[yr 1]

where Y7 is the information set. The conditional expectation is an optimal predictor in the sense
that it minimises the mean square error.

Proof. The estimation error can be written as:

Yr+0 = Yror = [Wr+e — Erlyrid] + [Erlyrse] — 9r107]

Since the second term is fixed at T, on squaring this term and taking expectations the cross
terms disappear leaving

MSE(irior) = El(yr+e — Erlyr+d)®] + El(Erlyried — Ir1o7)’]
= Var(yre|Yr) + Wrior — E(yre Y7))?

The dirts term (the conditional variance of yr,¢) does not depend on §r 7. Hence the
minimum mean square estimate (MMSE) is given by the conditional mean. O




A predictor is linear if it is a linear combination of past observations. For MSE we use the infinite
MA representation. Any such predictor can be written as

oo
Irqr =Y i+ i er
=0

where the w;"s are pre-specified weights. The predictor is unbiased in the sense that the uncondi-
tional expectation of the predictor

YT+t — Jrpgr = €70 + 0167401 + -+ Yeaerir + (Yo — Yp)er + (Vo1 — pp)er—1 + - -

A sufficient condition for ARMA predictions to be linear is that the disturbances are independent
(uncorrelatedness not enough).

How do we construct an MMSE of a future observation from an ARMA model? We assume the
parameters are known and the disturbances are serially independent with mean zero and constant
variance 02. An ARMA (p,q) at time T + ¢ can be written as

Y40 = O1YT40-1 + - + OpYri—p + 0167401 + -+ + Oge740—g + €740

The MMSE of a future observation is its expectation conditional on information at T. Since e
are independent they cannot be predicted beyond T, thus have zero conditional expectation. This
yields

Yrvor = P11 + 0+ GpYri—pir + ETror T+ OgfTr0—gT
where yrjj7 = yr4; for j < 0 and

- 0 if >0
e T =
TaIT ET+j ifj < 0

This provides a recursion for computing optimal predictions of future observations.

Example (AR(1)). For an AR(1) process g7 = ¢Jris—1j7- The starting value is §pp = yr-
Thus and so
Jriqr = d'yr £=1,2,...

The predicted values decline exponentially towards zero; the forecast function has exactly
same form as the autocovariance function. This makes sense intuitively: less correlation
means less ability to forecast.

Example (MA(1)). For an MA(1) process at time T+1 yry1 = er41 + Oer. Thus taking
conditional expectations g 17 = fer. For £ > 1 g g7 = 0 and so the current observation
is of no help predicting more than one period ahead.

To find the prediction MSE, we use the infinite MA representation

/-1 00
yree =Y _Vierse—j+ ¥ Cerjer—j, 1ID(0,0%)
=0 =0

The first term is unknown at t, whilst the second term is known. Taking expectations conditional
on Y7 shows that the second term gives an expression for the MMSE of yp.:

[oe)
Yrior = Z Yoy jET—j
=0

Thus the first term of the infinite MA expansion is the error in predicting ¢ steps ahead, and its
variance is the conditional variance of yr4¢ (which is also the prediction MSE).

MSE(Griqr) = Varr(yrie) = (1+ YT+ +Yf )0’



Example. For the AR(1) process, 1y; = "7 and solve

o o
Jregqr = Y0 er; = ¢ Y der ;= ¢lyr
=0 =0
The MSE is
B 1— ¢2€ >

MSE(jrigqr) = 1+ 6"+ -+ ¢*"D)o? = 1-5°

As £ — oo the MSE converges to 02 /(1 — ¢?), the unconditional variance of the process.

Making the additional assumption that the shocks are normal (thus the conditional distribution
of Y41 is normal), a 95% confidence interval is given by

CI(yr+e)o.95 = Yrier £ 1.960

1.4 Skip sampling and temporal aggregation

Suppose a model for ytT is defined for t = 1,2,...,T but observations are only available at times
t =9,20,...,T. For example a model may be formulated at the monthly level but observations
are only observed quarterly.

Example. Let 4/ be an AR(1) model and assume sample size T/8 is an integer. Then

yI = </>y2_1 + &t
== ¢2y2_2 + pet—1 + &4

5-1
=yl s+ Py
=0

The observation model is then:

6—1

Yr = Cb(syﬂ'—l + Z ¢j57—j

=0
= ¢6y7'—1 + nr

where y, = y(];T and 7); is serially uncorrelated with zero mean and

1_¢26

Var(n:) = 1o

The observation model is still AR(1) with the same unconditional variance, however the
autocorrelations become smaller as § increases.

Show that an M A(q) model for yl is WN when § > q.




_

q
y;f =&+ Z 9j5t—j
7=1

q
T
Yirs = Et4s + E Ojctts—;
i=1

When § > ¢ the two observations are independent (since there are no common terms); we
can write the observation model as
Yr = MNr

where n, = ¢, + Z?‘:l 0jei—; which is white noise since the &; are independent. Thus
nr ~ WN(0,0*(1+6; +---+67))

This result is proved generally in Brewer (1973) who shows that when y;r isan ARMA(p,q)
process the observation model y, is ARM A(p, [~ 1(p(6 — 1) + ¢])) where [] denotes the
floor function. As ¢ grows the model converges to an ARM A(p, p) process for ¢ > p and
to an ARM A(p,p — 1) process for g < p.

The effect of temporal aggregation when
6—1
_ t
Yr = Z Y5r—j
j=0

is such that when y;r is ARM A(p, q), the corresponding model for y, is ARM A(p, [ ((p+1)(6 —
1) +4q])).

Example. An aggregated AR(1) process is ARMA(1,1)
PROVE LATER

1.5 Tests on Sample Autocorrelations

The sample autocorrelations are r(7) = ¢(7)/c(0) where ¢(7) = T~} ZtT:TH(yt — ) (Yyt—r — 7) is
the sample autocovariance.

They are asymptotically normal with mean zero and variance 1/7" when the observations are
independent. DOES THIS NEED PROVING?

Deriving this test under the assumption of uncorrelatedness is more difficult, hence tests are based
on independence. We run a test on the sample autocorrelation at a particular lag 7 by treating
T'/2r(7) as a standard normal variate.

A test on a particular sample autocorrelation is only valid if the lag is specified in advance.
This implies some prior knowledge of the nature of the series. For example, with quarterly data
a test of the significance of r(4) would clearly be relevant. However, seasonality aside, such
prior knowledge is likely to be the exception rather than the rule, and formal tests on single
autocorrelations are generally restricted to r(1).

At the 5% level we reject the null hypothesis of no autocorrelation if |T%/2r(7)| > 1.96, thus it is
common to plot two lines on the sample correlogram at +2v/7T.

10



Definition 1.5.1: von Neumann ratio

23;2(% - yt—1)2]
Zthl(yt —7)?

T

VNR:T_1

where ¥ is the sample mean.

Claim 1.5.1.
VNR ~2[1 - r(1)]

Proof. We first note that (y; — y:—1)* = (y: — ¥ — (yt—1 — ¥))?. Thus

. T Z?: (yt — Yt— )2
=T 2i1<yt - y>12 ]

_ T Z?:z(yt -9+ Z?:z(ytfl — )2 -2 ZtT:Q(yt — ) (Ye—1 — ?3)]
T-1 Zf:l(yt —7)?

T Y im =9 -9+ X (e —9)? — (yr — 9)?
T-1 SE (e — )2

L, T LD =)~ — D )
T—1 ZtT:1(yt —7)?

_ T _ 9 (y1 —9)*+ (yr —9)* + (y1 — 9) (Yo — 7)
e ST (=) ]

~2[1 —r(1)]

The approximation arises because of the treatment of the end point. Its effect is negligible in
moderate or large samples O

When y; ~ NID(0,0?), the small sample distribution of VN R is known. When 7(1) = 0, VNR is

approximately equal to two, but as r(1) tends towards one, VNR tends towards zero.

Definition 1.5.2: Durbin-Watson statistic

When a static regression is fitted, the Durbin-Watson statistic is often used to test for serial
correlation. It is defined in terms of the residuals as

T
DW = Zt:z(i{ - 62t—1)2
D1 €

Definition 1.5.3: Portmanteau test statistic ]
P

11




Both of the above are asymptotically distributed as x?(p) when the observations are independent,
however the LB test approximates a x? better in finite sample.

The choice of P is somewhat arbitrary, when P is large the stat captures potentially high
autocorrelations at greater lags, but at the expense of power.

1.6 Long memory

10
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o s 10 1520 25 30 3. 40 a correlogram of the lowest annual water
level of the river Nlle fuck me, bro does not shut up about the Nile). It displays a sharp fall
initially followed by a much slower, persistent decline. This pattern is called long memory, which
can be produced by a fractionally integrated process.

ARIMA (p,d,q) has (1 — L)? generated by an ARMA(p,q), but suppose d is not an integer:

(1 — L)dyt = &t

where we define the fractional difference operator by the binomial expansion (for any real d > 1)

1
Ad:(1—L)d:1—dL—§d(1—d)L2—
Thus we can write the process in infinite AR form:
1
Yt = dyi—1 + id(l —d)yi—2+ - +e

The coefficients die away very slowly, so a large number of lags is needed to approximate y; with
an AR. We can still use this model for forecasting however.
The process is stationary if d < 1/2. Then

o) = A= AT+ d)

T(d)T(r+1—d)

1.7 Maximum Likelihood

The joint density can be broken down into a set of one-step ahead predictive distributions by

writing
T
¥) = [[p(wlYi-1)
t=1

where Y;_; is the information set at time ¢ — 1 and p(y;) is interpreted as p(y; ), the unconditional
density of y;. For example with T' = 3:

(Y3, y2,y1) = p(y3ly2, y1)p(y2ly1)p(y1)

The conditional densities are independent of each other, enabling ML to be used in the same way
as for independent observations.

12



1.7.1 Autoregressive models

In the stationary Gaussian AR(1) model (with zero mean), the disturbance of y;, conditional on
Yi_1, is normal with mean ¢y; 1 and variance o2. Thus p(y:|Y;_1) is N(éy:—1,02). The log-
likelihood function can thus be derived:

1
p(ye; ¢, 0 (tﬂzmem pyeit —¢yt_1)2}> p(y1)

v
- <2M exp{ Q;i — dYi-1) }p(yl)
T -

t=2

T-1

T
= np(y; 6,0%) = ——— L In(2r) - )~ oz O — by 1)? + Inp(an)
t=2

The last term is the unconditional distribution of y;, which is normal with mean zero and variance
o2/(1 — ¢?). Thus

p(y1) = ! exp {—yl}
2102 /(1 — ¢?) 20%/(1 - ¢?)
1 1 1
= Inp(y1) = 5 In(27) — 5 In(c?) + 5 In(1 - ¢?) — ﬁ( — ¢H)y;
Thus
T
Inp(ye; 6,0%) = — 5 In(2m) — 5 (%) — (1= ) = 5 (1= 6 — 5 > — by 1)
t=2

The ML estimator of ¢ is not linear because the likelihood function is a cubic equation in ¢. On
the other hand, if the first observation is treated as though it were fixed, the third and fourth
terms can be dropped and T replaced by T-1 in the first two, i.e. we set p(y1) = 1:

T
T-1 T-1, 1
I p(ys; ¢,0%) = — 5 (27) — — 722 — BYr-1)
t=2

The resulting ML estimator of ¢ is then given by a regression of y; on y;_1. Since the first two terms
of the above log-likelihood are independent of ¢, maximising the likelihood function is equivalent
to minimising the sum of squares:

Mﬂ

— QY 1
t:2

The ML estimator is thus given by
T
95 _ Dt Ytlt—1
- T
D=2 Vi1

and the variance is estimated by

6'2

T

- 1

avar(¢) = m, where &2 =z z; Ye — Y1)
— _ t—=

Asymptotics

T T T
& _ thz YtYt—1 _ Zt:Q ?bth_l + €tYt—1 —p+ thz EtYt—1
T T T
Zt:2 3/1:2—1 Zt:Q Z/t2—1 thz yt2—1

13



Thus

lFurthermore

T
1 d
7T E eti—1 — N(E(eye—1), Var(eyi—1))
t—2

By independence of &; across time, E[e;y;—1] = 0. Further,

2 2 2 2 2 02 04
Var(ewi—1) = Eleiyi_1] = Elef|E[y;_1] = o 1— g2 —1_ 02
where we can split the expectation because ¢; is independent of y;_1. Thus
T
1 ot
— E _1— N(0,
72t 2 N

Applying the CMT:

N(O 074) 4 1— 272

d P 1—¢2 ot ( ) 2

— o2 NN(Ov 2 2\2 NN(Oal_Qs)
17¢2 1- ¢ (J )

In other words, gE is asymptotically normal with mean ¢ and variance Avar(gz;) = 1_T¢2.

1.7.2 Moving Average models
In the MA(1) model,

ytzst—&—&et_l, EtNIID(O,O'2>,quadt:1,...,T

the distribution of y; conditional on the disturbance in the previous period is normal with mean
e;_1 and variance o2. The full set of disturbances can be computed as e; = y; — 0e;_1, however
without knowledge of £g we compute a set of residuals

ei(b;e0) =yr — 0ei—1(0;20), t=1,....,T

with £¢(#) taken to be fixed at zero. The log likelihood takes the same form as the AR(1), where
we seek to minimise a sum of squares:

T

S(0) = <7 (6;20)
t=1

This is known as the conditional sum of squares (CSS) estimator since it is conditional on
setting €9 = 0.

'Source: Trust me bro
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The likelihood equations are non-linear because the derivative of €.(6; ) depends on 6. This is in
contrast to the AR(1) model where the derivative of the residual with respect to ¢ is —y;—1. We
thus need a different method to minimise S(6).

Only one parameter is involved here, so we could just do a grid search over (-1,1). 2 However, for
more general models this may not be viable, here we use Gauss-Newton iteration. For the MA(1)
differentiating the error expression gives

Oet(0; e Oei_1(0; ¢
tge()):_etla(g())—gt—l(&&o), t=1,...,T
060(9)

Because e(0) is fixed, it follows that = 0. Thus the derivatives are produced by a recursion
running parallel to the computation of the residual set. The algorithm proceeds by updating an
estimate of 0, 6, from a regression of £4(6; o) on z(0) = %

POy SEACENETY)
Zt 12(0 )

Asymptotics
Provided the model is both stationary and invertible, the CSS estimator of 6 has the same asymp-
totic distribution as the (infeasible) estimator based on knowledge of initial disturbances. For the
MA(1) model:

6& 65,5_1
— = —0— —&_ t=...,—-1,0,1,...,T
30 89 Et—1, ) y Uy by )
By writing z; = %, it becomes clear we have an AR(1): 2, = —02_1 — &,_1. Hence E[2?] =

Var(z) = ﬁT leading to the result that 6 is asymptotically normal with mean 6 and variance

Avar () = 1}92.

2We don’t necessarily need to constrain it, we could solve for the global max of the likelihood. If we get something
outside (-1,1) we can just take reciprocal.
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2 Unobserved Components. State Space
Models. Kalman Filter.

2.1 Unobserved Components

A time series model may sometimes be formulated in terms of components. These components are
not observed directly, but are assumed to have ARMA representations. A simple model, consisting
of an AR(1) embedded in white noise, is:

ye = +¢e1, € ~NID(0,02), t=1,...,T
Ht = ¢Mt—1 + Ui e ~ NID(07 0727)7 ‘¢| < 1

where 7, and ¢; are independent. When |¢| < 1, the process is stationary, when |¢| = 1 gives a

2
O'n

random walk + noise. An important value ¢ = 3 is the signal-to-noise ratio.
From lecture 1, we know the autocovariances of the AR(1) process:

2

lr) = 67(0) = 6T
and because 7:(7) = 0 for 7 # 0, we have:
Yy(7) = Yu(7) +7e(7)
_ (1)
_ Yu(T)
V(0) +72(0)
To201 _ 42y—1
I G r=12,...

T R1-) 12
We can substitute ¢y;_1 to derive the reduced form:
Yt = Pt + &t
= Qi1 + M + €t
=o(yr—1 —et-1) + e+ &
Yt — QYr—1 = Mt + €t — PEL—1
This is equivalent to an ARMA(1,1) process:

Yt — QY1 = ¢ + 0.

The MA parameter can be founded by equating the autocovariances of the right hand side of the
two processes:

Reduced Form ARMA(1,1)
%(0) = Var(n) + Var(e,) + ¢*Var(e,) 7,(0) = Var(v) + 0*Var(v)
= oy +02(1+¢%) = op(1+6°)
Yy (1) = Cov(—der—1,64-1) V(1) = Cov(ve + Ovp—1, 41 + Ovy_9)
= 402 ~ 0o

16



Equating the expression for v, (1) gives:

Define the signal to noise ratio g = %, then equate the expressions for +,(0):

02+ 02 (L+¢) = 02(1+ 6?)
2

2 2 2 ¢o 2
02+ 021+ ) = == (1+07)
2
g,
—2+1+¢2:—?(1+92)
loF: 0

= 0=00"+(¢+1+¢")0+ ¢
(g +1+6%) £/(g+1+9%)? —4¢?
2¢

Drop the negative root, since this implies a |#| > 1. Thus
_a+1+¢? g+ 14677 497

2¢ 2¢
Thus ¢ < 6 < 0, but when § = —¢, which corresponds to ¢ = 0, the ARMA(1,1) has a common
factor and reduces to white noise. When ¢ =1

g+2 V@ +4q
- +
2 2
Alternatively we can write express ¢ as a function of ¢ and 6:
P2+ ¢+ 0 + 0 + 6¢? (¢ +0)(1+ ¢0)
=g 9 ol=- 0 - 0

=0 =—

=

0=

2.2 Filtering and Prediction

Prediction requires filtering the observations so as to give the best estimate of y; at the end of
the sample. This estimate is then extrapolated. The filtered estimate at the end of the sample is

known as the nowcast.

Example (Random Walk + Noise). The conditional distribution of y; ¢ is obtained by writing:

14

yroe=pr+ Y 0T +j +erge
j=1

Thus the MMSE predictor is g7 = E(ur1¢Y:) = E(ur|Y:), and so the forecast function is
a horizontal straight line.
To find the MSE write:

¢
Yr+e = MT+Z77T+j +Eer4e
7=1

l
= E(ur|Y:) + (ur — B(ur|Y:) + Y 0T+ + ere
j=1

The conditional variance of ypy is:

oy = MSE(friqr) = Var(ur|Y:) + bo; + o2
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The MSE increases linearly with the forecast horizon, with Var(ur|Y;) being the price paid
for not knowing pr. Given 0727 and 02, a 95% prediction interval for yz., is:

Yrigr £ 1.9607 41

How do we filter for AR(1) + noise? Filtering is a two step process, firstly we obtain the prediction
equations, then we update the predictions using new observations.
Prediction
Suppose we know the mean and variance of p;—; conditional on Y;_1: ps—1|Yi—1 ~ N(Mt71|t71 ) pt71|t71)‘
We can calculate the conditional mean and variance of u; as follows:
tejt—1 = E(pe|Ye-1)
= E(ppe—1 + nelYe-1)
= ¢E(p-1]Yi-1)
= Ply—1)t-1
We can write p1p = ¢py—1jp—1 + ¢(pe—1 — fre—1j¢—1) + e Thus:
[t = Hyje—1 = Ht — Opy—1ji—1 = P(pt—1 — y—1je—1) + Mt
and we can derive the conditional variance as:
Ptjt—1 = Var(u|Yi-1)
= E[(pe — Mt\t71)2|Yt—1]
= B[(¢(prt—1 — pre—1je—1) + ne)*[Yeo1]
= ¢°E[(pte—1 — Mt—1|t—1)2|Yt—1] + 07277 since ny L Y1
= ¢2pt71\t71 + 0727
= 11|Yi1 ~ N(Qpy—1jt—1, O°Pe—1jt—1 + 0})
The conditional distribution of y; = u; + &; is normal with mean and variance:
E(ye|Yi—1) = E(ue|Yi-1) + E(&|Yi—1)
= ¢Mt—1\t—1
Var(yYi-1) = El(ye — piee—1)?[Yi-1]
= E[(kt — paj—1)?[Yemr] + E[e7[Ve]
= ¢2Pt—1|t—1 + 03 + 07
= Yot ~ N(Gp—10—1, 9°Pr—1jt—1 + 07 + 07)

Updating

Having obtained the prediction equations, the next step is to update the estimates of the mean
and variance of p; to take account of the information in the new observation. l.e., we want to find
pe| Yz ~ N(Mt|t7pt|t)-

The current information is contained in the conditional distribution of (g, y:)" which is bivariate
normal:

Ep|Yi—1 = Htjt—15 Ey| Y1 = Hjt—1
Var(pe|Yi—1) = Dje—1, Var(y|Yi—1) = Dijt—1 + U?
Cov(put, ye|Yi-1) = Cov(pue, e + €|Yi-1) = pyje—1
_ Delt— Delt—
- Mt Vi, ~ N Htjt—1 ’ tit—1 tit—1
Yt Hi)t—1 Dijt—1 DPjt—1 + o2

This updated distribution is the distribution of p; is the distribution of p; conditional on Y;_1,
and y;. To calculate py; and py;, we invoke the following lemma:
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Lemma 2.2.1 (Marginal and conditional normal distributions).

= JI51 = Y11 212

2 Yo1 X
Consider two distributions:
r1 ~ N(p1,%11) 22 ~ N(pg, X22)
The conditional distribution is given by:

z1|ze ~ N1 + T12555 (T2 — p2), Z11 — T12555 S21)

Applying this lemma we can find the conditional distribution of u; given y;:

Cov(pe, Yt Yi—1)

M|t = Hijt—1 + Var(u Y1) (Yt — teje—1)
Ptjt—1
= pep—1+ —————5 (Yt — Hee—1)
e Pije—1 + 02 e

_ B Cov(p, ye|Ye-1)?
Pt = Prjt—1 Var(yYi—1)

2
Pie—1

Prje—1 + 02

= Dtjt—1 —

The updating and prediction equations can thus be written together as a single set of recursions:

Ptjt—1
M1t = Opeje = Opigji—1 + O———— (Yt — Hejr—1)
i | | Dijt—1 + o2 |
p2|
2 2 2 2 t[t—1 2
Dyt = Qe +0p = O°Ppyp—1 — " ————— + o0
| | K | Dijt—1 + o2 K

These equations can be repeatedly applied as new observations become available. This is a special
case of the Kalman filter (???). Indeed the first equation can be written as:

Ptjt—1

Pogile = Plefe—1 + ke(ye — pye—1) where k= ¢p———
t+1[¢ 1|t tlt D1 + 02

is known as the Kalman gain.

How do we start the filter?

When |¢| < 1, we can use the unconditional distribution of pg: po ~ N(O,a%/(l — ¢?)) and so
froj0 = 0 and pojg = o7 /(1 — ¢°).

When |¢| = 1 we start with p1|y; ~ N(y1,02). This is equivalent (???) to starting with g ~
N(0, k) where K — oo (Diffuse prior). In both cases the filter converges to a steady state with
pr =p > 0.

Explanation. Indeed we can actually set an arbitrary value for p in pg ~ N(u, k), to see this
we first set up the predictive equation for py:

2 2 2
D41t = Pyt + 0y = P1jo = Pojo + 0y = Kk + 0y
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Now we update given yi:
2

Pip=Pijo— — 35
| | p1|0+05
212
=Kk+ol— (/{4—0,7)
T k402402
n €
2
9 /44—077
= 1—
(K+U77)< K+U%+Ug

2
_ o (_ %
(K+077) (n—i—a%—i—ag)

H+O'2
n 2
2 20
K+ o5+ o

= lim py; = 0?
K—00

Now we can update yu:
|

lim pyp=p+y1—p=
KR—00

Since the conditional distribution is also normal, we get the distribution of u1|y1 ~ N(y1,0%)
O

as required.
For a random walk the filter is an exponentially weighted moving average:

Example (¢ = 1). First recall the updating and prediction equation of the variance:

2
Dy
2 2 tt—1 2
Per1jt = O Pejt—1 — @ +o
| | Piji—1 + 02 !

Indeed setting ¢ = 1 gives:
2
_ Pyjt—1 2
Pitljt =Ptjt—1 — —— 5 + 0y
Dtjt—1 + 0%
=)0
g: P
-2 =3 e -1 -2 2
O¢ Prift = 0 Pejt—1— ——— 5 + 0 0y
Dtjt—1 t 02
—2\2, 2
(Us ) pt|t—1 g 2 2
+q since g =o0, o

_ 2
=0¢ DPtjt—1 — 0_2pt|t L +1
g —

Re-define py;_1 = o 2pt|t_1 and we obtain the Ricatti equation:

2
Pije—1

Disift = Ptjt—1 — —————= T ¢
| | Pre—1 +1
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Setting p;1; = py—1 = p as in a steady state gives the algebraic Riccati equation:

p? p

p=r p+1 g p+1 4
For a general ¢ we can write:
2
2 p
= = 4
i ( p+1) !
Solving the quadratic Ricatti equation:
p? _y
p+1
=0=p"—qp—q
g+ V¢ +4q
=>p=——0——
Vi +4
:>p:—Q+ g + 24 since p > 0

Recall the updating equation for the state (with ¢ = 1), we can show that it takes the form
of an EWNA:

Ptjt—1
Deje—1 + 02
= fypp—1 + Ky — Hyje—1)
= (1 — K)pgje—1 + Kyt

Met1lt = Hefe—1 T (Yt — ee—1)

with
_ Ptt—1
Dijt—1 + 02
b g =2
= — th p;p_1 = _ dpq =
p+1 WILL Pit—1 = O¢ Ptjt—1 and Pyp—1 = P
Recall
q+ Ve +4q g+2 /q>+4q
p=—-—F+——— 0=-— -+
2 2 2
=0+1+qg=0p
b
=——+
p+1 ¢
:9+1:—£—
p+1
Thus
__p
p+1
=0+1
q , Vi®+4q
=3t 3
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2.3 Innovations Form

In a signal plus noise model, the update in the Kalman Filter depends on the prediction errors or
mnovations,
Vt =Yt — Htjt—1-

The innovations form of the AR(1) + noise model is:
Yt = Ppjp—1 + 1t
Peaift = Plue—1 + Fevr

This is different from the structural model since we are examining conditionals (¢|t — 1 not ¢
subscript). Thus the dynamic equations (above) are a function of past observations. The Kalman
gain k; depends on ¢ and ¢. In the steady state, k; = k is constant:

Yt = Hejt—1 +
Pit1)t = Plgje—1 + K
= Yt = Q12 T K1+ i
= O(W—1 — V1) + K1+ 11
=y + (K —P)ri—1 + 1

Le. we get an ARMA(1,1) with MA parameter § = k — ¢.

2.4 ML Estimation

The joint density for the full set of T observations, y1,...,yr is:

T
p(y; ®) = [ [ p(welVi1; 0)
t=1

where W is the vector of parameters. In a Gaussian model:

Ye|Yie1 ~ N(Ggje—1, ft)

where ;1 = Qpy_1p—1 and fr = pyp_1 + o2. Thus the log-likelihood can be derived:
T ~ 2
1 (yt — yt\t—l)
L(¢,02,08) = || —=exp | -—F——
( K ) t]‘Tl vV Qﬂ—ft 2ft
_ < 1 >T T 1 exp _ZT: (yt—@t|t—1)2
v2m i VI t=1 2fi

T 1 o 1 o
lnL(¢,ag,U§):——ln2w—§ E lnft—§ E
t=1

2
t=1

(yt — gt|t71)2
fi

The prediction error y; — yy;—1 is now a residual, whose interpretation is the same as g(¥) in
an ARMA from lecture 1. When f; is constant, as it is in the steady-state, maximising InL is
equivalent to minimising a sum of squares function, again as in the ARMA.

Diagnostics and testing with the residuals

It follows from y|Y;—1 ~ N(—1, ft) that the prediction errors 14 are normally distributed and
serially independent with mean zero and variance f;. When a model has been estimated, diagnostic
checking can be based on the standardised residuals, v;/+/f;.

However, unless ¢ and ¢ are known, they will not be NID. There are two options here, carry out
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a modified Box-Pierce test based on X%_Q or do an LM test.

Tests on variance parameters

The null hypothesis that o2 = 0 can be tested against 02 > 0 using a likelihood ratio test, the
distribution is a mixture of of x?’s

1 1
LR~ ox§ + 5xi

The x3 is a degenerate distribution with all it’s mass at the origin, thus the size of the test can be
set to a by using the 2a quantile of the x? distribution. When ¢ = 1 (random walk) this test is
still valid since the model is stationary and invertible in first differences.

The null hypothesis that U% =0 vs a,% > 0 does not produce a LR statistic with the previous
distribution, because when the null is true, the first differenced observations Ay, = Aeg; are strictly
non-invertible. Such non-standard behaviour is a feature of the situations when the model is
stationary under the null, but non-stationary under the alternative.

A test of the hypothesis that ¢ = 1 against the alternative ¢ < 1 encounters similar problems.
Indeed the LR test of 0127 = 0 cannot be implemented in the stationary AR(1) + noise since ¢

is not identified when a,% = 0.

2.5 Signal Extraction

Signal extraction is concerned with finding the optimal estimate or estimator of an unobserved
component at some point within the sample. Whilst filtering aims to find the expected value of
the signal conditional on information at time ¢, smoothing seeks to account for the information
made available after ¢.

In the AR(1) + noise model, the smoothed estimate of the component of interest p, is its expecta-
tion conditional on the full set of observations. When the model is Gaussian, the estimate is liner
so:

fujr = E(ue| Y1) = Z Wy tYt—j
j=t=T

where the w’s are non-random weights.

2.5.1 Wiener-Kolmogorov (WK) filter

Given an UC model, the WK formulae give expressions for the weights w;. The assumption of a
doubly infinite series is made, meaning there are an infinite number of observations on either side
of the point of interest. The weights are constant, and so:

o0
Htloo = Z wiyr—j = w(L)y
j=—00

where w(L) is a symmetric polynomial in the lag operator. The WK formula for finding the weights
in yy = py + & where iy and & are mutually uncorrelated ARMA models is:

gu(L) _  gu(L)
9y(L)  gu(L) + ge(L)

where g, (L) and g¢(L) are the ACGE’s of iy and & respectively. The ACGF of y is g,(L) 4+ g,i(L).

w(L) =
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Definition 2.5.1: Autocovariance generating function (ACGF)

The ACGEF is defined as a polynomial in the lag operator, g(L), such that:

[e.e]

g(L)= Y A(n)L"

T=—00

The coeflicient of L™ gives the autocovariance at lag 7.

Recall the ACGF of an ARMA model y; = ¢~ (L)0(L)v; where vy ~ WN(0,02) is:

_ 9(L)9(L‘1)02
M = o)™
Example. MA(1): v = vy + vy
gD = Y AL

=7(0) +y()L +~v(-1)L7}
= (14 6%)02 +002L + oL~

In the AR(1) + noise model, the reduced form is ARMA(1,1) with MA parameter

p__atl+é  V{g+14¢%? 49

2¢ 2¢
Provided q;0, the WK formula gives:
o 2
:LLt|OO = (17¢L3.22 Yt = 2 077 2?/t
O-g + m O'V(l + GL)

The second equality holds since the reduced form is equated to an ARMA(1,1): n + &4 — ¢ey—1 =
vi+0v;_1. Further, from equating the first autocovariances of the reduced form and the ARMA(1,1)
as at the start of the lecture, we get:

o? qf 1

2 £
14

T T Mo = —Emyt

g

On recognising that the second term is the ACGF of an AR(1) model with parameter —#@, it
becomes apparent that the weights decline symmetrically and exponentially.

0 .
wy =0 gy
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By setting L = 1! it can be seen that the weights sum to:

1-—6?

Recall from 50 fucking slides ago:

(¢ +6)(1 + ¢0)
0

Thus
q0/¢ (¢+0) §1+¢9) 0

(140)2 - o(1+6)2
(¢ +6)(1+ ¢0)
o(1+6)2

In the case of a random walk (¢ = 1) this simplifies to unity. The lower ¢, the closer 6 is to one,
and the more spread out the weights. The MSE is given by

%19

The weights for smoothing near the end of a semi-infinite sample can be found by modifying the
signal extraction formulae:

w; = qﬁtza[u +¢0)(=0) 4+ (@ +0)(0) T, G =t -T,...,0,... 00

The smoothing weights are obtained when ¢ << T. On the other hand setting t=T gives the
weights for the filtered estimator of ur as

(¢ +0)[(1+ 60)(=0)’ + (¢ + 6)(0) ]

e o(1—07)
= @Jﬁ(;ﬁ)y [(1+ ¢0) — (¢ + 0)0]
p+01—6° :
= -
_o+0

5 (-0, j=0,1,2,...

The weights decline exponentially when ¢ = 1:
w; = (1+6)(—=0), j=0,1,2,...

as in the classic EWMA.

Literally how does the lag operator even work, why can you set it to 1?77? It’s an OPERATOR wtf is going on
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2.5.2 Auxiliary Residuals

Not covered in lectures.

2.6 State Space form

We derived the filter for an AR(1) dynamic equation in the previous section, but what if p; is
AR(2)? It turns out this is not an issue, since an AR(2) can be expressed in first-order Markov
form (a multivariate AR(1)) by writing

Lt o1 P2 He—1 U
= +

-1 1 0| [pe—2 0

This is known as the transition equation. We can extract the first element as

Ht
yt:Mt+€t:[1 0} + &

Ht—1

known as the measurement equation. The role of the second element is simply to store the in-
formation in the second lag. We can generalise this further and write the state space form. The
observation is related to an m x 1 vector alpha,, the state vector, through a measurement equation

Yt = 2o +di + €4

where z; is a 1 x m vector, and d; is deterministic. The elements of «; are generated by a first
order Markov process, the transition equation:

ar =Tiag—1 +m

where T} is an m X m matrix and 7; is a m X 1 vector of serially uncorrelated Gaussian distur-
bances with En, = 0 and Var(n) = Q¢ (i.e. multivariate WN). The disturbances 7, and ; may be
contemporaneously correlated, but Eejns = 0 for all ¢ # s.

The specification of the state space system is completed by assuming that Eag = ago and
Var(ag) = Pojp are known and Fyg is positive definite. Further Eniay = 0 and Eepay = 0 for
all t. All system matrices and vectors (z, dy, Ty, Q¢) are non-stochastic.

Models can also be set up with what is called the future SSF, where the transition equation is

o1 = Tyoy +my

2.6.1 ARMA models

Any ARMA(p,q) model can be written in state space form. A transition equation can be set up
as follows:

é1 1 0 - 0 I
1
¢2 0 1
o 01
ap= | = . T 0l 1t R
0o --- 0 1
gm—l
ém 0 0 ... 01 ) }

where m = max(p,q+1). The original ARMA can be recovered by noting that the first element of
ay is equal to 3. The role of the measurement equation is simply to extract the first element of
the state vector . Thus

yt:[l 0 --- 0|

There is no disturbance term.
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Example. The MA(1) model, y; = u¢ + & + 0,1 can be written in state space form as:

Yt = [1 O]at -+ dt
where d; = v and

Yt 0 1
oy = — a1 + &t
0&; 0 0
The future SSF is:

yr=p+0+8&, o1 =26&

2.6.2 Two AR1 components

Yo = g+ pog +e, &~ N(0,02)
Wit = Gifit—1+ Nty  Mit ~ N(0,0?), i=1,2
where |¢;| < 1, i =1, 2. Using stationarity in the AR(1)’s:

Var(uig) = ¢:Var(pig) + o7
= Var(pig) = (1—¢2) o2, i=1,2
= Var(y:) = Var(pie) + Var(pee) + o?
=(1—¢1)of + (1 —¢3)"lo3 +0f

Iterating backwards from ¢:

Y = p1¢ + pot + &
= Q1p1,i—1 + Papias—1 + N1 + N2 + €t

T T
= Pl p1t—r + P32 + Z O i + Z O Mg—ip &
i=1 i=1

T T
= (1) = Cov($Tprs—r + Ghpiae—r+ D O Mairt + > 0% "Maui1, pagr + Hopr + )
i=1 i=1

- ¢IVC””(/~61¢—T) + ¢72-V0’T(M2,t—7')
=o7(1— 7)ot + ¢5(1 — ¢3) o3
_ ¢1(1—¢f)tof + ¢3(1 — ¢3)"'o3

(1—¢d)~lof+ (1 — ¢3) 103 + o2

£

= p(7)

T=12 ...

The SSF is:

Y = p1t + ot + € = 20y + &
where z =[1 1] and

[i1,4 ¢1 0 Mt of 0
ap = = Q-1+ , Q=

oy 0 ¢ No,t 0 o3

The initial conditions are a9 = 0 and

o3
0
1— 2
Ppo= "
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The KF and associated smoother deliver estimates of p1 ¢ and po; and their respective conditional
variances. Using the WK filter for this task is much more difficult.

Long memory and unobserved components

The characteristics of long memory can often be approximated by the sum of two stationary

AR(1)’s.

2.7 Missing observations and Data Irregularities

Missing observations pose no problems when handled in the state space framework. If an
observation is missing at a particular point in time, £ = 7 , the Kalman Filter updating equa-
tions are redundant. Thus for the AR(1) + noise model, the predicted state at time 7 is ;1
with MSE pj._;. If y, is missing, then the update is skipped, or we set p,, = pr,_; and
Priljr—1 = ¢2p7+1‘T_1, and the prediction equations are applied to give the two-step ahead predic-
tor firy1jr = Ppirr—1 and pryqr = q§2pT|T,1 + 0727. If y,41 is missing, the prediction equations are
just applied again.

The likelihood function is computed in the usual way, by using the innovations from the Kalman
filter, except there is no innovation corresponding to the missing observation. This generalises for
any linear Gaussian state space model irrespective of the number of missing observations or where
they’re located. E.G. if m consecutive observations are missing, the mean and variance of an m+1
step ahead predictive distribution will enter the likelihood function.

Data Irregularities - Suppose a survey becomes quarterly instead of annually, we can just con-
struct a quarterly model with missing observations for the first part of the series.
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4 Trends, Cycles and Seasonality

4.1 Deterministic trends

A deterministic trend model takes the form

ye = pu(t) + &

where & is a stationary process (EG some ARMA) and pu(t) is a deterministic function of time.
This function can be modelled as a polynomial in time, where () = g + Bit + Bat? + ... + But™.
The linear trend model p(t) = Sy + St is obtained by setting h = 1.

The drawback with deterministic time trend models is that a time series rarely keeps on the same
path indefinitely. Structural time series models achieve this aim directly by allowing the trend
parameters to evolve over time as stochastic processes.

4.2 ARIMA models

ARMA (p, q¢) models may be fitted to nonstationary series by differencing the observations. When
forecasting is carried out, the differencing must be reversed; Box and Jenkins (1976) called this
operation integration If differencing d times gives a stationary and invertible model, then the
original series is said to be integrated of order d, or y, ~ I(d).

Definition 4.2.1 )

An auto-regressive integrated moving average (ARIMA) model of order (p,d,q) is defined
as:

$(L)A%; = 0(L)ey (4.1)

and denoted as ARIM A(p,d, q).

Explanation. When a series has been overdifferenced, it will be stationary, but
strictly non-invertible due to the presence of a unit root in the MA polynomial
Suppose we have a random walk model:

Yt = Yt—1 T &t
where e, ~ WN(0,02). Clearly the first difference is stationary:
Ay =&
however suppose we over-difference:
APyp = Ayp — Ayp1 = & — &1

We have introduced a unit root in the MA polynomial: ©(L) = 1 — L, and the series is no
longer invertible. O

4.2.1 Prediction

Prediction from stationary models tend towards the mean as the lead time, ¢, increases. When /£ is
large, the dynamic structure of the model is irrelevant. This is no longer the case with integrated
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models, where the forecast function contains a deterministic component. The term ¢(L)A%; in
(4.1) is expanded to give an AR polynomial of order p + d:

QLA = (L) =1— 1L — o2L? — ... — pya Pt
and predictions are made from the recursive equation
Urvor = P19 T T - -+ PprdiTse—p—aT T ETror + - T 00 qr £=1,2,...

The eventual forecast function (EG for stationary processes forecasts converge to the mean) is a
polynomial of order d — 1. When the model includes a constant it is a polynomial of order d.

Example (Prediction in ARIMA(0,1,1)).
Ay = &4 + 041

Y717 = yr + Oer
Y7407 = UT0-1|T
Thus for all lead times, the forecasts made at time T follow a horizontal line. The disturbance
term can be obtained from the recursive equation:
et =Yt — Y—1 — 011
with e; = 0. Substitute repeatedly for lagged values of &;:
ea=y2—y1—ber=y2—y1
e3=ys— Y2 —0(y2—y1) =ys — (L + 0)y2 + Oy
ea=ya—ys —0(ys — (L+0)y2 +0y1) = ya — (L +0)ys + (L + O)y2 — 6%y

=

-1

er=yr—(1+60)» (-0 yr_;
1

<.
Il

So the expression for the one-step ahead predictor can be written as:

Yry1r = yr +Oer

=

-1

=yr+0yr—(1+ 9) (=0) tyr_y
1

<.
I

T-1 '
=(140)> (—0yr—;
§=0

This predictor is an EWMA, with weights that decrease geometrically with time.

Example (Prediction in ARIMA(0,1,1) + constant). When the model above includes a constant:
Ay = 0o + ¢ + Ot

the forecasts are
U741 = yr + 00 + ber
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and
Y7407 = yr + £00 + O

The eventual forecast function is therefore a linear time trend.

Example (ARIMA(1,1,0)).
p(L)=(1-¢L)1~L) =1~ (1+¢)L+¢L
and forecasts are constructed from the difference equation:

Jrrgr = (1 + )Irye—1r — PIr4e-2/T

The corresponding forecast function:

¢(1 — ¢")

—— — V=179
1_¢ =

Yryeqr = Y7 + (Y7 — Y1-1)

As £ — 0o, pygr — yT—i-(yT—yT_l)%, a horizontal line. In contrast to the ARIM A(0,1,1)
model where the eventual forecast function is also horizontal, but depends on all past values,
the eventual forecast function here depends only on the last two observations.

Model Selection: First plot the series in levels and differences, judge which show trending
movements. Checking the correlogram is also useful, for stationary processes the autocorre-
lations tend towards zero as the lag increases, whilst non-stationary processes do not damp
so quickly. Keep differencing the model until a correlogram having the characteristics of a
stationary model is obtained.

4.3 Structural Time Series Models

4.3.1 Local level model

Definition 4.3.1: Local level model

The local level model consists of a random walk plus noise:

Yt = Wt + €t ¢~ NID(();U?)
frr = pe—1 + 1 m ~ NID(0,07)

where E(gm:) = 0.

When o2 is zero the level is constant and the process is just noise around a mean. The signal noise
ratio ¢ = 0727 /o2 plays a key role in determining how observations should be weighted for prediction
and signal extraction. The higher ¢, the more past observations are discounted in forecasting.

By taking first differences of y;:

Ay = pip — phg—1 + €4
=+ é&t

we can see that the reduced form is an ARIMA(0,1,1). Setting the autocovariances of the first
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differences equal to those of an MA(1) model [y, = & + 6,—1] yields:

v = —af = 902
2

2 0O¢

= 0'5 = —?

Y = Jg 4202 = (1+ 92)(7?

2 2 2 ‘73
=0, +o; = (1+067) 9

1+ 62
=>q+2=—
0
—q—2% 244
N . 9~ +4q

4.3.2 Local linear trend model

A linear time trend of the form u(t) = By + 51t can be constructed recursively from py = pi—1 + 51
with By = po. It can then be made stochastic by adding a disturbance to the level y; (random
walk + drift), or the slope itself can be made stochastic - resulting in the local linear trend model:

Definition 4.3.2: Local linear trend model

yr=pe+er e~ NID(0,02)
pe = pie—1+ B+ e~ NID(0,07)
Be=Bi1+¢ ¢~ NID(0,07)

where all disturbances are mutually independent.

\

J

Only when ag- = 0 the slope is fixed and the trend reduces to random walk plus drift. Allowing

0? > 0, but setting 0,27 = 0 makes p; an integrated random walk.
The SSF of the local linear trend model is:

Mt L 1) | pe— us
w=[1 o] || +a=] o] o] "] e
Bt 0 1| |Bt-1 @
. Het . . oy 0
where the state vector is oy = and covariance matrix is Q = .
Bt 0 o g

Proof. Begin with the trend, and difference until we find a stationary expression for y;:

Bt = Br—1+ Gt
= ABy = G
pt = pg—1 + Beo1 +m
= Apg = B—1+ e
= Ay = ABiq + e+ m—1 = G + e+ M
Yt = pt + €
= A%y = A%y + (1- L)2€t =G-1+m+m_1+te— 281+ 2
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The ACF is thus:

7(0) = o2 + 207, + 602
(1) = —op — 4o?
¥(2) = o2

y(r)=0 7>2

Which we could match to the ACF of an ARIMA(0,2,2) model and solve for the parameters.

O

Show that the reduced form of the modified damped trend model with a mean is
ARIMA(1,1,2):

Yt = Wt + &t
pe = pi—1 + Be—1 + 1
B =1 —p)B+pBi-1+ ¢

In other words the slope is an AR(1) with mean 5.

Br=1-p)B+ pBi—1+
= (1=pL)Br=(1-p)B+G
Gt
1—pL
pe = pg—1 + Be—1 + 1
= Ape = Br1+m

= B =B+ since 3 constant

_ Gt—1
=B+ 1—pL+77t
Yt = e + €t
= Ayy = Apy + ¢ — €11
. Gi—1
=B+ 1_pL+77t+€t €11

= (1= pL)Ays = (1= p)B+ 1+ (1 = pL) (1t + &1 — €4-1)

The left hand side is an AR(1) on the differenced series, and the RHS is a mean + an MA(2)
component. Thus it is an ARIMA(1,1,2) model.

4.4 Trend-cycle models

We consider stochastic cycles with frequency A. and damping term p.



Definition 4.4.1: Stochastic cycle

The stochastic cycle model is given by:

W cosAe  sinAe| [_1 K
¢ _, ¢ N ¢ (4.2)

* g * *
(K —sin A, cosAq| |¥f K}

where k; is a white noise process with the same variance as x; and 0 < p < 1.

7

Observe that the model collapses to an AR(1) model when the cycle has frequency zero or 7 (giving
positive and negative AR coefficients respectively?).

Definition 4.4.2: Trend-cycle models ]

The trend plus cycle plus noise model is:

Yt = e + P+ et
pe = pe—1 + Bi—1 + ¢

Bt = Bt—1+ G
Py cos e sinAq| |1 N Kt
(I —sin A, cosAq| |¥, Ky

Claim 4.4.1. The reduced form of the trend-cycle model is an ARIMA(2,2,4) model.

Proof. Recall that the reduced form of the local linear trend model is an ARIMA(0,2,2), thus
the second difference of 3 has the form:

APyp = Goy 4+ N1 + &0 — 2601 + 12 + A%y
The stochastic seasonal is defined via the recursions in (4.2):

Yy = pcos Aehr—1 + psin Ay g + Ky
= (1 — pcos A L)y = psin A\ L] + K¢

Pi = —psin A1 + peos Aehi_y + Ky
= (1 — pcos A\ L)Y] = —psin \e Ly + K

We can thus express the evolution of the cycle v, as:

. —psin A\ LYy + K
(1—PCOSAcL)7/)t:psm)“3L< pl—pi:o;#)t\cL t) e

(1 — pcos AeL)*y = psin AL (—psin A\eLtpy + ) + (1 — pcos A\L)ky
(1 —2pcos AL + (pL)?(cos® Ao + sin® X))y = kg + pL(sin Aok — cos Aek})

Y =

Kt + pL(sin A\ckj — cos AcK))
1 —2pcos AL + p?L2

This has the structure of an ARMA(2,1) model. We can take second differences and substitute

!See lecture on Spectral Analysis
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into the expression for A2y;:

APy =Gy + e+ me—1 + e — 251 + &g + A%y
(1 — L)2(kt—1 + pL(sin Aek}_; — cos Ack}_1))
1 —2pcos AL + p2L2

=Cp—1+ M+ N1+t — 2641 42+

We can rearrange to show:

(1 —2pcos AL + p*L*)A%y; = (1 — 2pcos AcL + p?L?)(Go1 + e + o1 + €0 — 2501 + £4-2)
+ (1 — L)*(k¢—1 + pL(sin Ak — cos Ackiz—1)*)
The left hand side is an AR(2) on the second difference of the series, and the right hand side

is an MA(4) (the deepest lag is p?c;_4). Thus the reduced form of the trend-cycle model is
an ARIMA(2,2,4) model. O

The state space form of the model is:

ytz[l 0 1 O}OltJrift

Mt 1 1 0 0 Ht—1 e
Bt 01 0 0 Bi—1 Gt
ay = = —+
Wy 0 0 pcosh. psinA.| [¥—1 Kt
e 0 0 —psinAc peosAc| |¥fq] i

Note that this matrix is block diagonal, this is because the trend and cycle are uncorrelated.

Definition 4.4.3: Cyclical trend model

The cyclical trend model incorporates the cycle into the slope by moving it into the level
equation:

Yt = Wt + &t
e = pe—1 + Br—1 + e
Bt = pBi—1 + (;

We can write this in state space form:

yt:[l 0 0 O}Oét—i-ét

w| 11 0 | [wa] [m
B 01 0 0 Bi-1 ¢
at = = +
Uy 0 0 pcoshe. psind| [ Kt
e 0 0 —psinAe peosAc| |¥fq] i

and see that the trend and cycle are now correlated!

Claim 4.4.2. The cyclical trend model, where the cycle appears in the slope by moving it into
the level equation:
pt = prt—1 + Br—1 + Y11 +m
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has reduced form ARIMA(2,2,4).

Proof. Fuck off O

Show that the damped trend model:

Yp = [t + €t
e = fe—1 + PBr—1 + ¢
Bt = pPt—1 + G

Is a special case of the cyclical trend model.

_

Let us suppose our cycles have frequency zero, then A\, = 0. Thus sin A\, = 0 and the second
part of the recursion is redundant. Using cos0 = 1:

Py = py_1 + Ky

Consider the special case of the cyclical trend model where §; does not appear in the level
equation:

Yt = pe + €t
Wi = fe—1 + Y1+t

However this is exactly the same as the damped trend model, just with a change of notation!
We can see this clearly by writing the structural forms side by side:

Damped Trend Model Cyclical Trend Model
Yo = Mt + & Yt = Mt + &
pe = pg—1 + Be—1 + 1 pt = pg—1 + Y1+ 1
Bt = pBr—1+ Gt Ve = pthr—1 + Kt

These are the same, just interchanging the roles of 5; and .

4.5 Unit roots and Stationarity tests

Two classes of tests are available to help distinguish between models that are integrated of different
orders. In stationarity tests, nonstationarity appears under the alternative hypothesis. In unit root
tests, the situation is reversed, with nonstationarity corresponding to the null hypothesis. This
duality between the two sets of tests can also be seen in terms of AR and MA models. For example,
the local level model is equivalent to an MA(1) in first differences, and the test of a zero variance
driving the random walk corresponds to a test that the MA parameter is strictly noninvertible.

4.5.1 Unit root tests: Dickey-Fuller

The basic unit root test is of the null hypothesis that a series is a random walk against the
alternative that it’s a stationary AR(1). Thus in

Yt = Qyi—1 + ¢



with yo fixed, the null hypothesis is ¢ = 1 and the alternative is ¢ < 1. The Dickey-Fuller test
is a one sided test based on the ’t-statistic’ obtained from the OLS estimate of ¢. This is not
asymptotically normal, but critical values are tabulated by Dickey and Fuller (1979). There are
different critical values when the model includes a constant and/or a time trend:

ye =+ Bt + oy 1+ e ~ NID(0,0?)

If the true model is a random walk plus drift and a constant, but no time trend (y; = a+y.—1+¢¢)
then the t statistic is asymptotically normal. See Hamilton (1994, p 495-7) if you're feeling brave.

We can subtract y;—; from both sides to obtain the dickey fuller test:

Definition 4.5.1: Dickey-Fuller test )

Ayy=pyr1+e p=o¢—1

Hy: p=0 and H; : p < 0 using Dickey-Fuller tables.

More generally we can consider the augmented Dickey-Fuller test, based on an AR(p):

Yt = O1Yi—1+ ...+ OpYi—p + &1

Definition 4.5.2: Augmented Dickey-Fuller test )

p—1

Aye=pye1+ Y iy + &
=1

where
P P
Yi=— Y, ¢ and p=) ¢—1
j=it+1 i=1
Hy:p=0and H; : p <0 using Dickey-Fuller tables.

J

The distribution of p is unaffected by the lagged differences since it converges at a faster rate.
Thus we use the standard DF tables. That p = 0 implies a unit root follows because when it holds
the polynomial associated with the AR(p) factorises as ¢(L) = (1 — L)¢*(L). Setting L=1 then
gives ¢(1) = 0 and the equation for p given above.

4.5.2 Stationarity tests

Consider the random walk plus noise model (or local level model):

Yt =t +E¢ o = -1+t

When 0727 = 0 the random walk becomes a constant level. Thus a nonstationary model becomes
stationary and standard asymptotic theory no longer applies to a test of Hp : 0% = 0 against
Hy:0p>0.

Definition 4.5.3: Nyblom-Makelainen test ]
AN 2
NM = TTSQ Z [Z et] > C

i=1 Lt=1

where e, =y, — g, s> =T7! 23:1 e? and c is a critical value.
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Asymptotically NM has a Cramer-von Mises distribution under the null when the irregular’s are

iid. This model can be extended such that e; follows any indeterministic stationary process, giving
us the KPSS test.

Definition 4.5.4: KPSS test )

Replace s? in the NM statistic with an estimator of the long run variance of &;:

m

ot (m) =4(0) +2)_ w(r,m)i(r)

7=1

where w(7,m) is a weighting function, such as w(r,m) = 1 —|7|/(m + 1), and 4(7) is the
sample autocovariance at lag 7. The lag length m is specified by the researcher.

. 7

4.6 Seasonality

4.6.1 Deterministic seasonality

A seasonal component, v may be added to a model consisting of a trend and irregular to give the
basic structural model (BSM):

Yo = M+ Y+ &
where the components evolve as before. The signal noise ratio associated with the seasonal com-
ponent is g, = 02 /02
a fixed seasonal pattern may be modelled as:

S
V= Z Vi%jt
j=1

where s is the number of seasons and the dummy variables zj; take the value 1 in the jth season
and 0 otherwise. In order to not confound trend with seasonality, we constrain Z;:l v; = 0.

Of course seasonal patterns are not fixed in time, but the requirement that the terms sum to zero
must be maintained when the seasonal pattern changes.

4.6.2 Stochastic seasonality

Let ~;; denote the effect of season j at time ¢ and define y; = [Yity - - ,fyst]T. The seasonals evolve
according to a multivariate random walk:

Vit VY1,t—1 W1t
M =Y-1tw = = : +
Vst Vs,t—1 Wst
where wy = [wiy, ..., ws]? is a zero-mean disturbance with
(11 _1 1]
1 S S S
.. 1 1 1
! 1 q_1 _1
1
Var(w) = o2 (I - ) =02 3 3 s
s : : :
1 1 1
[ s —5 o 1l

This structure is necessary to ensure that the seasonal components always sum to zero. The sum
of the elements of ; can be written as #'y;. From this structure we can see that Var(i'w;) =
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2
0y

(i — %) = 02 (i — i') = 0. Combining this with an initial condition setting the sum 0 at t=0,

we have that the expectation and variance of i'y; are always zero.

Note that here although all s seasonal components are continually changing, only one affects the
observation at time ¢, that is 7; = 7;; when j is prevailing at ¢.

We can write this in state-space form:

ye=11 0 z|ou+e

Ht 11 0f [pe—1 us
ar= 3| =10 1 0] |Bi—1| T |G
" 0 0 L] [%— Wi

where the bottom row in the transition equation is just rewriting the multivariate random walk.
We can write the reduced form of the dummy variable stochastic seasonal model as:

s—1
Yt = —Z’Yt—j + wy
j=1

which is simply rearranging the fact that the sum of the seasonals equals a random disturbance.

Claim 4.6.1. The reduced form of the BSM with stochastic seasonality is AAgy; ~ MA(s+1)

Proof.

Yt = Mt + 7+ &t
pt = pe—1 + Be—1 + e
Bt = Br—1 + ¢

s—1
Y= —Z’Yt—j + wy
j=1
We can make the stochastic trend component stationary by second differencing as usual:

A%y = ABr—y 40— M—1 = Go1 + 0 — M1

The seasonal component can be made stationary by applying the seasonal summation operator

Definition 4.6.1: Seasonal summation operator

S(LY=1+L+L*+...+ L}

which is a special case of the summation operator.

Thus S(L)v: = wy (by rearranging the reduced form, we see the sum of seasonals is wy). The
stationary form of the BSM is obtained by multiplying through by A%2S(L) = AA,. This
follows from

(1-L)S(L)=1-L° = Ay = A%S(L) = AA,

The result is:
AAgy = Ay + S(L)G—1 + APwy + AlAgey

Which is clearly an Ma(s+1) from the deepest lag on epsilon. O
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If the slope were deterministic in the above, we would not need to difference out the trend and the
observations are rendered stationary by the seasonal difference alone, giving Agy; ~ M A(s+1)
plus a constant trend S.

4.7 Seasonal ARIMA models

Definition 4.7.1: SARIMA (p,d,q)(P,D,Q); ]

The seasonal ARIMA model is given by:

P(L)B(L)ALALy, = 0y + 0(L)O(L¥)e,

where 6 is a constant, while ®(L*) and ©(L®) are polynomials in the seasonal lag operator
Ls:
O(L) =1—®L° —...—dpL*’ O(L%)=1-0,L° —... — 9oL

The most common implementation of this very broad class of models is known as the airline model,
which is a SARIMA(0,1,1)(0,1,1)s model:

AAgy = (14 60L)(1 + OL%)e

Claim 4.7.1. With a deterministic seasonal and no trend, the airline model is equivalent to
the BSM when © = —1.

Proof. The BSM is:

Yt = Wt + Yt + €t
Pt = -1+ M

S
"= Z ViZjt
Jj=1

We can write the seasonally differenced series as:

Agyr = Aspir + Ay + Agey

= [t — ft—s T Et — Et—s

Since v: — v:—s = 0. We now iterate on the level equation:

e = pg—1 + ¢
= Mt—2 + M—1 + ¢

S
= Ht—s + Z Nt—j
j=1

Thus we can write the seasonally differenced series as:

S
Asyr =Y mj+e—ers
j=1

= S<L)77t + Asgt
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Now we first difference the series:
AASyt = AS(L)T]t + AASEt

= Ay + AAgey  since AS(L) = A,
=1 =L +et —er-1)

This is an MA(s+1) process, and we can compare it to the airline model:
AAsyt = (1 + @Ls)(€t -+ 95t—1) AAsyt = (1 — Ls)(nt + Et — Et_1)

Thus the airline model is equivalent to the BSM when © = —1, since both final terms are
MA(1) processes.

The airline model thus provides a good approximation to the reduced form when the slope
and seasonal are close to being deterministic. O

4.8 Model Selection

Structural models aim to capture the most obvious parts of a time series; when there are obvious
trends or seasonal patterns to capture. ARIMA models are more parsimonious, however they may
miss some of the more subtle features of the data.

ARIMA selection is based on the premise that ACF's are stable over time. Even if this is the case,
it is still difficult to identify complex models from the ACF alone, and we may miss important
features of the series. In practice sampling error in the correlogram can make it difficult to identify
even simple ARIMA models. STMs are more robust as the choice of model is not dependent on
correlograms.

Model selection for ARIMASs is normally straightforward, unit root tests determine the degree of
differencing and lags are included according to some information criterion or statistical significance.
However, these tests often have poor size and power properties.
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7 Nonlinear Models

Non-linearities can enter a model in a variety of ways. Some common examples are:

¢ ARMA models with multiplicative terms:
Y = Y1 + e + Ber—1yi—1, &~ NID(0,07)

e Nonlinear functional forms

e Non-Gaussian, EG disturbances follow a t-distribution
e Dynamics in scale rather than location (e.g. GARCH)
e Switching regimes

There are 2 broad classes of models, parameter-driven and observation-driven.

An observation driven model is set up in terms of conditional distribution for the ¢-th observation:
p(ye|Yi—1]|¢). THe likelihood function is immediately available.

A parameter driven model typically does not allow for a likelihood function, where we have some
link function: y; = pe® +e;, By = ¢Bi—1 + 1, here it is exponential.

7.1 Nonlinear modelling and white noise

7.1.1 Law of iterated expectations

Definition 7.1.1: Law of iterated expectations (LIE)

Ely] = E; [E[y|z]]

Proof.

E.[Efylz]] :/ [/yp(y!:r)dy] p(z)dz = //yp(y,w)dydm = /yp(y)dy =E[y]

This is useful, since we can find a sequence of one step ahead expectations:

Ei—jlg(ye)] = By Ei1[g(we)]

where the unconditional expectation is found by letting j — oo.

Show
Varly] = E;[Var(y|z]] + Vary[E[y|z]]

42



Varly] = Ely’] — E[y)®

E[y*|a]] — Ex[Ely|a])?

Varly|z] + Ely|z]*] — E.[E[y|«]]®
Varly|z]] + E.[Ely|]*] — E.[E[y|z]]®
Varlylz]] + Var[E[y|]]

8
—_— — — —

7.1.2 White noise

White noise is uncorrelated, i.e. E[y:ys] =0, ¢ # s with constant variance (and zero mean).
Strict white noise is stronger, we require independence, not just uncorrelatedness’.
Martingale Difference has a zero (or constant) conditional expectation:

E¢1[ye] =0

and thus is uncorrelated with any function of past observations:

Elyef(Vi-)[Yi1] = f(Yio1)E[ye|Yi-1] = 0

Example.
Y = & + Ber—1&1—2 & ~ NID(0,07)

The autocovariance at lag 7 can be derived as:

E(yiyt—r) = E(et + Ber—16¢—2) (et—r + BEt—r—16t—7—2)
= E(eter—r) + BE(e161—r—161—r—2) + BE(et—161—r€t—r—1) + BE(et—161-261—rEt—7—1)
—0 if 7£0

Since all observations are uncorrelated the series is white noise, however the observations are
not independent, the conditional mean is:

Ei—1]ye] = Ei—1ee] + BEi—1]et—160—2] = Ber—161—2

so the series is not a martingale difference.

Example (ARCH).
Yt = oy—1€t, €~ NID(0,1)
‘71:2\75—1 =7+ ay
This is a Martingale difference since
Ei-1[ye] = oyj—1Es-1[ee] = 0

implying it is also white noise.

!These are the same with Gaussian noise, since the distribution is fully defined by the first 2 moments
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7.1.3 Linearity and Prediction

When disturbances in an ARMA are IID, the MMSE predictor is the conditional mean. It is linear
in the observations and disturbances.

Assuming instead that the disturbances are MDs with mean zero and constant variance, the MMSE
predictor is again the conditional expectation by the LIE.

When disturbances are WN (not strict WN) the MMSE = MMSLE, however if disturbances are
not independent the MMSE is not the MMSLE.

Example.
Yyt = ¢ + Bet_164—2, &~ NID(0,0?)

The MMSLE of future observations is zero, with MSE equal to the variance of future obser-
vations:

Var(y:) = E[e?] + 28E[eter—18t—2] + 52E[€?_15%_2]
= 0%+ 0+ %!

However the MMSE (the conditional mean) is:
Ely:|Yi—1] = Ber—161—2

which has MSE:
Ely: — Bet—16:—2)° = Eleg)* = o2

We can use the LIE to compute multi-step predictions:
Er[Berer-1] = Berer-1 £=1

Erlyriel = § Er[Bertier] =0 (=2
0 £>2

7.2 Stationarity

Theorem 7.2.1 (Krengel's Theorem). If y, is strictly stationary and ergodic (SE) then a con-
tinuous transformation g(y¢, y¢—1,...) is also SE.

Weak stationarity of g doesn’t follow from weak stationarity of y; since the moments may not exist.
E.g. if y; ~ tv then g(y;) = €¥* has no finite moments.

Definition 7.2.1: Linear stochastic recurrence equation

Yt+1 = Ty + 21

where z; and z; are strictly stationary and ergodic.

Theorem 7.2.2. The conditions:
1. E(max(0,In|z|)) = E(In" |2]) <

2. E(ln |z]) < 0

are sufficient for the existence and uniqueness of a strictly stationary solution for y;.

Condition 1 usually holds, it is the second condition that is important. It is known as the con-
traction condition and can be interpreted as saying that the x;’s are on average smaller than 1

44



(in absolute value). We can see this by applying Jensen’s inequality:

E(ln|z]) < mE(|z¢]) = E(Jze]) < 1

Example. If z; is lognormal, inz; ~ N(u,0?) the contraction condition is E(lnz;) = pu < 0,
whereat E(z) = e#T7°/2, thus InE(z;) = p + 02/2 > p is stronger than needed.

What is the stationarity condition for the bilinear model?
Yt = QYr—1 + €t + Ber—1y—1 (7.1)

_

We can write the model as:
yr = (¢ + Ber—1)yi—1 + &

which is a SRE with z; = ¢ + fe;—1 and z; = ;. The contraction condition is:

E(ln |¢|) = E(In |¢ + Ber_1]) < 0

. v

7.2.1 Asymptotic Stationarity

Consider a non-linear generalisation of the linear SRE above:

Yt+1 = ‘P(Z/t, Zt,l/J)

where z; is a vector of SE variables? and v is a vector of parameters.

Theorem 7.2.3 (Bougerol's Theorem). If
e There exists y; such that E(In™ |p(y1,21|)) < oo
e E(lnsup, |%Z’z)|) <0

then for any starting value y, a series y; converges exponentially and almost surely to a unique
SE solution. In other words |y(y1, %) — ye(¥)] %™ 0 as t — oo.

Intuitively this just means that it doesn’t matter where we start, we will always converge to the
same solution.

Example. Consider this cursed AR(1) model:

eyt—l — 1 9
Y = m + &t &t NNID(O,O‘ )
Clearly
eyt—l — 1
1< ——7<1
eYt—1 + 1

2When z; is a vector of IID variables, the equation is known as a Markov system
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so the first condition holds for any finite ;. We now examine the second condition:

0 eV —1 @ T = (e =1
ay <¢ey+ 1 +6t> B ‘(b =y
= I¢| (ey + 1)
-1l

To solve for the supremum we take the derivative and set it to zero:

_d  2eY
dy (e¥ +1)?
= 0= (e +1)%¥ — 2e¥(e¥ 4 1)e¥
=eV+1=2
2eY 1
=y=0 ith ———= ==
Y VIR e 12 T 2

Thus:

E(nsup| 2222 — gan 12l) = E(njo)) -2 < 0= <2
y Yy

7.3 Distributions

Definition 7.3.1: Survival function

Example (Exponential).

Definition 7.3.2: Probability integral transform

The PIT of Y is the standard uniform, i.e. F(Y) ~ U(0,1)

dy
dF(y)

FFX)) = f(y) =1

Thus we can generate any distribution by transforming a standard uniform.

Definition 7.3.3: t-distribution

where p is median and ¢ is scale.

\.

The location-dispersion model is:
Yo =+ ey

where £; has mean zero, and 1) is called the dispersion for 3;. For non-negative variables a location
+ scale model is needed:

= Yey
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where ; has mean one. When y; > 0 taking logarithms gives:
Iny; =Iny + Ineg

so In ) is now a location parameter.

Definition 7.3.4: Gamma distribution )

A gamma(v), ) distribution has density:

I'(v)

Where v is the scale parameter and v is the shape parameter. The mean is vy and the
variance is yy?2.

fly) =47

The chi-squared distribution is gamma(2,v/2), setting v = 1 gives an exponential distribution.

Definition 7.3.5: Log-logistic distribution

A log-logistic(t), ) distribution has density:

f)
Definition 7.3.6: Quantiles )

The a-quantile of a distribution is the value y, such that F(y,) = «. The median is the
0.5-quantile.

Definition 7.3.7: Heavy tails )

A distribution is said to be heavy tailed if

lim exp(y/a)S(y) =00 Va >0
y—>00

Example (Exponential distribution). S(y) = e~%/ so
exp(y/a)S(y) = /e v/ = 1
thus it is not heavy tailed.

Definition 7.3.8: Fat tails ]

A distribution is said to have fat tails if

S(y) =cL(y)y™® a>0

where L(y) is slowly varying, i.e. limy_,oc L(Ay)/L(y) = 1 for all A > 0 and ¢ is a non-
negative constant.
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Claim 7.3.1. Fat tailed = heavy tailed, but not the reverse.

7.4 Nonlinear state space models

Parameter driven models may be nonlinear in the measurement equation, the transition equation
or both. The basic model is:

yt = f(0r,€t]p)
Or 41 = 1/1(9t777t|90)

where 6 is the signal, ¢ parameters and e, 7 disturbances with specified distributions.

Example (AR1 dynamic equation). Consider

ye = pexp(By) + e & ~ NID(0,02)
Be+1 = ¢Pt +m¢ mp ~ NID(O,U%) lp| <1

Clearly the state equation follows an AR1 with parameter less than 1, it is SE. We can thus
apply Krengel’s theorem to show that y; is also SE.

Example (Non-negativity). When y; is non-negative, any model must be non-linear. Consider
the measurement equation below, with time varying mean p:

ye=pmer 0<y < oo

where €; has a gamma distribution with mean 1. We can use an exponential link function to
model the logarithm of mu; to ensure mu; remains positive:

In g1 =0+ dlnpy + an

The restriction |phi| < 1 guarantees the stationarity of In s, and hence of y;.

We can also consider conditionally Gaussian state space models, allowing the possibility of feedback
from past observations to the system matrices that would otherwise be a linear SSM. We can derive
the Kalman filter exactly as before and construct the likelihood function since the system matrixes
are fixed at time ¢ — 1. It is not usually possible to predict more than one-step ahead however.

Example. An example of a conditionally Gaussian process is
Yt = Ptye—1 + &

P41 = O(1 — @) + ads + 1

where « is a fixed parameter. When ¢; is regarded as the state, we have a conditionally
Gaussian SSM with z = y;_1. When |a| < 1 the model is SE.

7.5 Observation driven models

An observation driven model is set up to give a conditional distribution for each observation, that
is:
p(ye|Yi-1le)

where Y;_1 denotes all past observations. We can then construct the likelihood in the usual way.
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Example (Bilinear model).
Yt = QY1 + & + Per—1yr—1

We can compute the ML estimate by minimising the SSR. Setting up the model in SSF:

Yt = Pejt—1 + €t
Peyile = Pyt + Bewyr = (¢ + Ber)pye—1 + der + Be?

More general observation models can be written:

p(ytloyi—1, Ye-1lp)

with the transition equation becoming a filtering equation

pp1le = g(Que—1: Yt Yi1lp)

The signal ¢ is the dynamic parameter in the conditional distribution. It depends on ;4 ); so

Orji—1 = h(yi—1, Yt, Yi-1lp)
and we can write
p(yelh(ows—1, Yim1lp))

Commonly it is useful to keep the state variable « positive, so we can use an exponential link

function:

Qpp1|t = el

7.5.1 Moment-driven and score-driven models

In a moment-driven model the dynamic equation for the state is driven by observed y;, E.G.:

Pigije = 0 + Bpige—1 + oy
The score-driven model is driven by the score of the conditional distribution, that is:

O p(ye| 1) )

Pigift = A+ Qpge—1 + K (k? Do

Consider the linear Gaussian ARIN model. The finite sample Kalman filter begins at t = 1 taking
account of the uncertainty with a diffuse prior. However we might consider a model based on the
steady-state (constant Kalman gain), but initialised at ¢ = 1. We write this as:

Yt = B+ feje—1 +

Bir1e = Plue—1 + K

where the innovations vy are NID and pi)q is fixed. We can write the filter as

Pit1)t = Plje—1 + Kl
= Qpigp—1 + K (Yt — 1 — yje—1)
= (¢ — K)pgge—1 + K(ye — 1)
Substituting repeatedly gives

t—1

pt + 1)t = HZ(¢ - "é)j(yt—j — )+ (o — H)tﬂl\o
§=0

49



Although the filter is typically started with pyg = 0, as long as |¢ — k| < 1 the filtered level will
converge to the same value for any starting value.

In a score-driven model the dynamic equation for the above is driven by a variable that is propor-
tional to the score of the conditional distribution, that is:

31np(yt|ﬂt|t1))

= _ k
Pigift = Qpuji—1 + K ( Dniei—

The inverse of the information matrix is a common choice for k.

Example (Non-negativity - Gamma distribution). For non-negative variables we use a location-
scale model. Suppose p(yt]ut|t_1,w) is gamma with shape parameter v and evolving scale
parameter fiy; 1.

Moment-driven Model

A filter for the scale can be written as:

Pisie = 0 + Bpge—1 + ayr

We can write the likelihood function as

H 1 < >’Y -1 _uwt
L = I Y e Htlt—1
=1 I'(v) \ -1 !

and thus the log-likelihood is:

T

T T
InL=-Twl(y) +Tylny =Y g+~ 1Y gy -2
t=1 t=1 =1 Htlt—1

We can use MLE to find the optimal values of §, 5, a
Score-driven Model
The scale evolves according to:

Pegife = A+ Qpy—1 + Kug

Differentiating the likelihood with respect to py;—; gives the score:

OlmL —  « 4 Y = (e — 1)

3Mt|t71 B Hjt—1 Mit,l B M?ﬁ,l

To normalise the score we first need to find the Fisher information, i.e. the expectation of the

square of the score:
OlnL 2> 'y 9
E ——E(ys — pypi—
<alu’tt—1 Mtlt 1 ( tt 1)

However note that this is just the variance of y; which follows a gamma distribution, so the

Fisher information is:
B ( dlnL 2) 7 0%
:utt 1= 73
Opeft—1 Mt|t 1 | Filg—1

Thus we can compute the standardised score as:

_ OlnL
aM1t|t—1

(I(Mt|t—1))_1 =Yt — Ht|t—1
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Equivalence
By substituting the score back into the filter we can see it takes the same form as the moment-
driven model, this is an exceptional case - generally the two models are not equivalent.

Pt = A+ Qg1 + Kug
= A+ dpigp—1 + k(Y — feje—1)
= A+ (¢ — K)gje—1 + Ky

7.5.2 Multiplicative Error Models (MEMs)

Models for location/scale based on the moment-driven filter were called MEMs by Engle (2002).
These are called as such since we can write the model as:

Yt = Ht|t—1€t

where ¢; follows the same distribution as y; but with unit scale. The dynamic equation for the
scale is thus:

Pirje = 0 + Blige—1 + Q€piy—1
7.5.3 Stationarity

We can write the above as:

Pogife = 0 + (B + aet) pyji—1 = 0 + Tefigi—1

Contraction condition is: E(In|z¢|) = E(In |8+ ae&:]) < 0. Thus strict stationarity is guaranteed
if 34 o < 1. However we have used Jensen’s here, so it is possible to have a stationary solution
even if 8+« > 1.

If this holds, we know p;;_; is stationary, and thus y; is also stationary by Krengel’s theorem.

7.5.4 Invertibility

The model is invertible if the signal can be recovered from the observations, a property we need
to forecast. Denote the state as 6;_;.

Definition 7.5.1: Lipschitz Coefficient )

The stochastic Lipschitz coefficient is:

1)
00411

A¢(v)) = sup

et\t—l

When 6,1, and hence y; is strictly stationary and ergodic, invertibility is guaranteed by the
Lyapunov condition:

Definition 7.5.2: Lyapunov Condition

supE (In A¢(¢)) < 0

Example. Consider the gamma example from before, since observations are taken as given in
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the moment driven filter we have:
8Mt+1|t

8Mt|t71

giving us a Lipschitz coefficient of A¢(1)) = |3]. The Lyapunov condition is thus satisfied if
18] < 1.

7.5.5 Moments

Given the SRE: iy 1)y = 0 + T¢pyy;—1 where 2y = a + fe; we can find the moments of p;;_; with
stationarity.
Mean:

Et—1[pep1pe] = 0 + B[y —1] = 0 + (@ + B)pyge—1
EroBr1[piiap) = 0+ (a4 B)(6 + (o + B)—1—2) = § + (v + 8)6 + (a + B)py—1jp—2

0

Epyy1e = m

Provided that |« + 8| < 1. Obviously if we are happy to assume the unconditional mean exists,
just take expectations of the SRE.
Variance: Squaring both sides of the SRE gives us:
M?H‘t = 0% + 20wy + m?ﬂ?\tq
Etfl[ﬂfﬂu] =0+ 201 [Tepiye—1] + Etfl[ﬁﬂfu_l]
=8+ 26(a + Bpye—1 + ((a + B)* + P2,

We can iterate as above, or just take unconditional expectations:

2 2 _a+pB

6% + 20 lf‘afﬁ
1—(a+p)? — a?0?
]2

2
E[:“t-‘,—l\t} =

= Var(pq)] = E[M?Jrl\t] — Elptr i1
52 (1- 4% —2ap)0?
(I-a—=p8)?*(1—(a+p)?—a%a?2)

ACF
We can rewrite the model in innovations form by letting vy = yr — 1441 S0

Pigipe = 6 + (@ + B) g1 + Ky

We can see that v is a martingale difference, since Ev; = py;—E(e; — 1) = 0. It is also WN since
MD + constant variance = WN:

Ev} = EM?|t—1(5t -1)*= U?Eﬂat—l

which we know is constant from variance proof above. Subbing the filter into the definition of the
innovation we can see:

Pogife = 0 + (@ + B)pyji—1 + Kot

B 0 + Ky
1—(a+p)L
= Yt = —5+Fwt_1 + vt
1—-(a+pB)L

which follows an ARMA(1,1) and the ACF has autocorrelations from 7 = 1 decaying exponentially.
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7.5.6 Prediction

Multi-step predictions can be found using the Law of Iterated Expectations. Taking conditional
expectations in the the filter gives:

BT 40| T+0-1 = 6+ (B+ 045T+12—1)#T+4—1|T+e—2

= Erroopiriorye—r =06+ (B+ a)pirgo—1rye—2

1—(a+p)t _
= Erprygrie = 1(_05_)55 +(a+B) 1MT—&—1|T

Using the MEM we can see:

Yr+e = U1+ TET+4

Eryrie = prior
)

lim E =—
JmErore = T

As the forecast becomes infinitely distant, we revert to the unconditional mean.

7.6 Log-Logistic example

The choice of link function is important for the invertibility and stationarity of a model. With a
direct link function stationarity requires the contraction condition, and the MEM is invertible by
construction. However, the invertibility of a model with an exponential link function is not easy
to check. We give an example for a fat-tailed log-logistic distribution with an exponential link
function.

Pelvs 1) = Wue—1) Wetbie—1)" " (1 + (grbyye—1)”) >
Yyp—1 = eMle-1
Aty1e =0+ ONge1 + Ky

We can derive the score as usual by setting up the log-likelihood and differentiating with respect
to Py—1:

I p(yelv, ye—1) =Inv+Ingy g+ (v =1y + (v — 1) Inehy 1 — 2In(1 + (yethye—1)")
v—1

dlnp(y;) 1 N v—1 2vyy ti—1
A1 Vo1 Vepe—1 1+ (thye—1)”
o 1% . 21/1/7’5/ ;;}1
Yye—1 1+ (Yetbep—1)”
dys—1

Vi1 = Mlt-1 = = ty;—1 From definition of exponential link

dAyje—1
dInp(y) _ dInp(ye) d¢t|t—1
A1 dAje—1 dAgje—1

_ dIn p(y:) W

_ 2v (Y hye—1)"
L+ (yethye—1)”
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We can write the model in MEM form, where y; = 1/y,_1&+ and ¢; is a log-logistic random variable
with shape parameter v and scale parameter 1. Thus we can rewrite the score in terms of &;:

2uey
14+¢f

Ut =V —

We know the distribution of g;: p(e;) = vel ~*(1 4+ &¥)72, we just need to find the distribution of
by = 1?5,5” to find the variance of u; (to derive Fisher Information).

Lemma 7.6.1. p(f(z)) = p(l‘)dfé)

Thus we can write the distribution of b; as:

dey
dby

1/51171 -1
= Vgtyil(l + 6?)_2 ((1 _'_tgu)2>
t

p(bt) = p(et)

-1

=1

Thus b; is a standard uniform random variable, with mean 0.5 and variance 1—12 We can now find
the Fisher Information:

Var(ut) = Var <1/ 2vei )

Cl+er
= 41°Var(by)
4v?
Y]
2
E

We can now find the standardised score:

N 3 — 6b; [ 3 3]
S

Ut = )
1% v v

The bounded score gives us a nicer invertibility condition, as well as making the model more robust
to outliers, plotted below:
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7.6.1 Stationarity and Invertibility

Stationarity

Stationarity of the filter follows from ¢ < 1, Krengel’s theorem implies stationarity of y;.
Invertibility

The Lipschitz coefficient is

ONi1pe
ONji—1
B iy

B ,\Strﬁ’l ONji—1
= sup |¢p — 6rb(1 — by)|

Atjt—1

6o

Ai() = sup

At|t—1

¢+

since (1 — x) is maximised at 0.5, with value 0.25

The Lyapunov condition is thus satisfied if:

3
supEln Ay(¢) =Eln |¢ — 3h <0
14
3
‘gzﬁ — 5/4; <1 by Jensen’s
3 . . .
2|~ |¢| <1 by triangle inequality

2
5l < 51+ o)
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